Rules for integrands of the form (a + b x* + c x*)”

1. j(a+bx2+cx4)pdx whenb?-4ac =

X: J(a+bx2+cx4)pdx whenb?-4ac=0 A pez

Derivation: Algebraic simplification
Basis: If b> -4 ac = 0,thena+bz+cz?=2 (g+cz)2
Rule1.2.2.1.1.1:1f b2-4ac =0 A p e Z,then

1 b 2p
j(a+bx2+cx4)pdlx—> — [—+cx2) dx
cP 2

Program code:

(* Int[ (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
1/c”p*Int[ (b/2+c*xx"2) " (2xp),Xx] /;
FreeQ[{a,b,c,p},x] && EqQ[b”2-4xaxc,0] & IntegerQ[p] =*)



Rules for integrands of the form (a+b x"~2+c x"4)"\p

2. J(a+bx2+cx4)pd1x whenb?-4ac=0 A p¢z

1
x:J dx whenb?-4ac=0
(a+bx2+cx“)5/4

Derivation: Square trinomial recurrence 2c withm+4 (p+1) +1-==90

Rule 1.2.2.1.1.2.1: If b> -4 a ¢ == 0, then
1 ax 2x x(2a+bx2)
J-(a+bx2+cx4)5/4 3a(a+bx2+cx4)1/4 6a(a+bx2+cx“)5/4

Program code:

(* Int[1/ (a_+b_.*x_"2+c_.*Xx_"4)"(5/4) ,x_Symbol] :=
2xX/ (3%xax (A+b*X*2+CxX*4) "~ (1/4)) + Xx (2%xa+bxXx"2) / (6%xa* (a+bxx"2+cxx*4)~(5/4)) /;
FreeQ[{a,b,c},x] &% EqQ[b”2-4xaxc,0] =*)



Rules for integrands of the form (a+b x"~2+c x"4)"\p

2: J(a+bx2+cx4)pd1x whenb?-4ac=0 A p¢z

Derivation: Piecewise constant extraction
b x2+c x4\ P
Basis: If b%> — 4 a ¢ == 0, then o, labxeext)? 0

<b+2CX2>2p
Note: If b2 -4 ac == 0,thena+bz+cz? = ﬁ(b+2cz)2

Rule1.2.2.1.1.2.2:1f b2-4ac =0 A p ¢ Z,then

(a+bx2+cx4)"

j(b+2cx2)2pd1x

J.(a+bx2+cx4)pd1x —
(b+2cx2)Zp

Program code:

Int[ (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+bxx*2+cxx*4) *p/ (b+2xCcxx*2) ~ (2xp) *Int [ (b+2xCcxx"2) ~ (2xp) ,X] /3
FreeQ[{a,b,c,p},x] &% EqQ[b”2-4xaxc,0] && IntegerQ[p-1/2]

Int[ (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
a”IntPart[p] * (a+bxx*2+cxx”4) *FracPart[p]/ (1+2xcxx*2/b) ~ (2xFracPart[p]) *Int[ (1+2xc%xx"2/b) " (2xp),x] /;

FreeQ[{a,b,c,p},x] && EqQ[b”2-4xaxc,0] &&% Not[IntegerQ[2xp]]



Rules for integrands of the form (a+b x"~2+c x"4)"\p

2. j(a+bx2+cx4)pdlx whenb?-4ac#0 A p>0

1: J(a+bx2+cx4)pdx whenb?-4ac#0 A pez*

Derivation: Algebraic expansion

Rule1.2.2.1.2.1:1f b2-4ac+0 A p e Z*, then

J-(a +bx?+cx?)Pdx — jExpandIntegr‘and [(a+bx*+cx*)P, x] dax

Program code:
Int[ (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

Int [ExpandIntegrand[ (a+bxx"2+c*x"4)p,x],X] /;
FreeQ[{a,b,c},x] &% NeQ[b"2-4xaxc,0] && IGtQ[p,0]

2: j(a+bx2+cx4)pdx whenb?-4ac#0 A p>0

Derivation: Trinomial recurrence 1b withm = ©,A = 1andB = 0

Rule 1.2.2.1.2.2:1f b2-4ac +0 A p > 0,then

x(a+bx2+cx“)p 2p

J\(a+bx2+cx4)pdlx—» J(2a+bx2) (a+bx2+cx4)"'1d1x

+
4p+1 4p+1

Program code:

Int[ (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

X* (a+b*x"2+cxx"4) *p/ (4*p+1) +

2xp/ (4xp+1) *Int[ (2xa+bxx"2) » (a+b*xx"*2+c*x*4)~ (p-1) ,x] /;
FreeQ[{a,b,c},x] &% NeQ[b”2-4xaxc,0] && GtQ[p,0] && IntegerQ[2xp]



Rules for integrands of the form (a+b x"~2+c x"4)"\p

3: f(a+bx2+cx4)pdx whenb?-4ac#0 A p<-1

Reference: G&R 2.161.5

Derivation: Trinomial recurrence 2b withm = ©,A = 1andB = 0
Note: G&R 2.161.4 is a special case of G&R 2.161.5.
Rule1.2.2.1.3:1f b>-4ac+0 A p < -1,then

~J.(a+bx2+cx4)"<:11x —

x (b2-2ac+bcx?) (a+bx?+cx?)P
- +

2a(p+1) (b*-4ac)

1

J(b2-236+2(p+1) (b2-4ac)+bc (4p+7) x?) (a+bx?+cx) " dx
2a (p+1) (b2-4ac)

Program code:

Int[ (a_+b_.xx_"2+c_.*x_"4)"p_,x_Symbol] :=

-X#* (b"2-2%a*C+b*Cx¥X"2) x (a+b*X"2+C*X*4) ~ (p+1) / (2%a» (p+1) » (b*2-4xaxc)) +

1/ (2%ax (p+1) * (b*2-4xaxc) ) *Int[ (b"2-2xa*xC+2* (p+1) * (b*2-4xaxC) +bxC* (4xp+7) *x"2) * (a+bxx*2+cxx"4) " (p+1) ,x] /;
FreeQ[{a,b,c},x] &% NeQ[b”2-4xaxc,0] && LtQ[p,-1] && IntegerQ[2xp]

1
4, j—dlx whenb2—4ac¢0
a+bx?+cx

1
1: j—dlx whenb?-4ac#0 A b>-4ac>0
a+bx?+cx*

Reference: G&R 2.161.1a

Derivation: Algebraic expansion



Rules for integrands of the form (a+b x"~2+c x"4)"\p

Basis: Letq - \/b?-4ac,then —1— = ¢

¢ 1 c 1
a+b z+c z2 q 27%+cz q ®

1 c 1
—d]x > — S ——
a+bx?+cx* q b_ga,cy

2

Program code:

Int[1/ (a_+b_.*x_"2+c_.*Xx_"4),x_Symbol] :=
With[{q=Rt[b”2-4xaxc,2]},
c/q*xInt[1/(b/2-q/2+c*x"2),x] - c/q*Int[1/(b/2+q/2+c*x"2),x]] /;
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0] & PosQ[b"2-4xaxc]

1

a

2+CZ
C

dx - —



Rules for integrands of the form (a+b x"~2+c x"4)"\p

1
2: J—dlx whenb?-4ac#0 A b%>-4ac30
a+bx?+cx?

Derivation: Algebraic expansion

Basis:If g - ./ 2 and l24-t . then 1 :: r-z . Piz
q C r- a-:» a+b z2+c z4 2cqr(q—rz+22) 2cqr‘(q+r‘z+22)

Note:If (a | b | c) eR A b2—4ac<6,then%>0andz\/€_§>a.
Rule1.2.2.1.4.2:1f b>-4ac #0 A b>-4ac»0,letq—> /2 andr-,[2q-2,then

1 1 r-x 1 r+ X
j—dlx—» J dx + f dx
a+bx?+cx? 2cqr Jg-rx+x? 2cqr Jq+rx+x?

Program code:

Int[1/ (a_+b_.*x_"2+c_.*Xx_"4),x_Symbol] :=

With[{q=Rt[a/c,2]},

With[{r=Rt[2xq-b/c,2]},

1/ (2xcxq*r) *Int[ (r-x) / (q-r+x+x*2) ,x] + 1/ (2xcxqxr)*Int[ (r+x)/ (q+r*x+x*2),x] ]] /5
FreeQ[{a,b,c},x] && NeQ[b"2-4xaxc,0] && NegQ[b”"2-4xaxc]

1
5. j—dlx whenb?-4ac#0

YVa+bx?+cx?

1
1. j—dlx whenb?-4ac>0

Va+bx?+cx*

dx whenb?-4ac>0 A c<0

1
1: J—
Va+bx?+cx?

Derivation: Algebraic expansion

Basis:If b2 -4ac>0 A c<0,letqg—+/b>-4ac,then



Rules for integrands of the form (a+b x"~2+c x"4)"\p

2 4 __ _ 1 2 ./ _ N 2
\/a+bx +C X = 2\/_c\/bJrq+2cx \/ b+gq-2cx
|
Rule1.2.2.1.5.1.1:1f b2-4ac >0 A c < 09,letg—> /b2 -4ac,then
ﬁ[——————i—————-dx — Z‘Vtth[ ! dx
Va+bx?+cx* Vb+q+2cx? V-b+q-2cx?

Program code:

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b"2-4xaxc,2]},
2xSqrt[-c]*Int[1/ (Sqrt[b+q+2*xc*x"2] *Sqrt[-b+q-2xc*x"*2]),x]] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0] && LtQ[c,0]



Rules for integrands of the form (a+b x"~2+c x"4)"\p

1
2. J—dlx whenb®>-4ac>0 A c¢@

Va+bx?+cx?*

9<e
a

1 C
1: J—dxwhenb2—4ac>eA;>eA
Va+bx?+cx*

Reference: G&R 3.165.2

Derivation: Piecewise constant extraction

<1+q2 Xz) (a+bx?+c x*

a (1+q2x2’)2

\/a+b x2+c x4
Rule1.22.1.512.1:1f b2 -4ac>0 A S>0 A 2 <o,letg (£)"* then

>1/4

Basis: Let q = (§ ,then oy -9

(1+q?x?) (asbx?rext)
a (1+qzx2)2 1 b
dx — EllipticF[Z ArcTan[qx], — - —]
2

J\ 1
Va+bx?+cx? 2qgVa+bx?+cx?

Program code:

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{q=Rt[c/a,4]},

(1+9”2%x”2) *Sqrt [ (a+b*x"2+c*x"4) / (a* (1+9~2xx"2)*2) ]/ (2*q*Sqrt[a+bxx"2+c*x"4]) xE11lipticF [2xArcTan[q*Xx],1/2-bxq"2/ (4xc) ] ] /5
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0] & GtQ[c/a,0] && LtQ[b/a,0]



Rules for integrands of the form (a+b x"~2+c x"4)"\p

2: j dx whenb?-4ac>0 A a<@ Ac>0
a+bx +cx?

Reference: G&R 3.152.3+

Note: Not sure if the shorter rule is valid for all g.

|
Rule1.2.2.1.5.1.2.2:1f b>-4ac>0 A a<@ A c>0,letq—>+/b2-4ac,then
2a+(b-q) X? 2a+(b+q) X?
1 2 a+(b+q) x* q b + q
— dx — EllipticF Ar'cSln
Varbx?+cx?
arbxircx 2Va+bx?+cx? — 22+ (brg) X
2a+(b+q)x 2q
_2a- (b _ q) Xz 2a+(b+q) x2
a . X b+q
J—dx - ElLiptick [Arcsin] ], 29
Va+bx?+cx* 2V-a Va+bx?+cx? 24 (bsq) K2 249
2q

Program code:

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
Sgrt[-2xa- (b-q) *x"2] *Sqrt[ (2xa+ (b+q) *x*2) /q] / (2*xSqrt[-a] *Sqrt [a+bx*x*2+cxXx*4]) *
EllipticF [Ar‘cSin [x/Sqgrt[ (2*xa+ (b+q) *x*2) / (2xq) 1], (b+q) / (2%q) ] /3
IntegerQ[q]l] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0] && LtQ[a,0] && GtQ[c,0]

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},

Sgrt[ (2#xa+ (b-q) *x*2) / (2xa+ (b+q) *x*2) ] *Sqrt [ (2xa+ (b+q) *x*2) /q] / (2*Sqrt[a+b*x*2+cxx"4] xSqrt[a/ (2*xa+ (b+q) *x*2) ]) %

EllipticF[ArcSin[x/Sqrt[(2xa+(b+q) *x*2)/(2+q) 11, (b+q) / (2%xq) || /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0] &% LtQ[a,0] && GtQ[c,0]
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Rules for integrands of the form (a+b x"~2+c x"4)"\p

1 £/ b2-
Va+bx?+cx*

1 e
1: J—dlx whenb?-4ac>0 A @>0
Va+bx?+cx?

Reference: G&R 3.152.1+

Rule1.2.2.15.1.2.3.1:1f b2 -4ac > 0,letq > \/b? -4 ac,if 2,0, then

(2a+ (b+q) x2) 22+ (b-q) X*

2a+ (b+q) x? E11iptiCF[Ar'CTan[\/szx]’ bzq ]
a *9

—
Za,\’bz—;q Va+bx?+cx*

X

1
—dl
Va+bx?+cx?

Program code:

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
(2%xa+ (b+q) *x"2) *Sqrt[ (2*xa+ (b-q) *x*2) / (2xa+ (b+q) *xx"*2) ]/ (2*axRt [ (b+q) / (2%a) ,2] *Sqrt[a+b*xx"2+c*x"4]) »
EllipticF[ArcTan[Rt[ (b+q) / (2*a) ,2] *x],2%q/ (b+q)] /;
PosQ[ (b+q) /a] && Not[PosQ[ (b-q)/a] && SimplerSqrtQ[ (b-q)/(2+a), (b+q)/(2+a)1]] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]
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Rules for integrands of the form (a+b x"~2+c x"4)"\p 12

1 _+/ b2-
2: j—dlx whenb?-4ac>0 A @>0
Ya+bx?+cx?

Reference: G&R 3.152.1-

[ |
Rule1.2.2.1.5.1.2.3.2:1f b2 ~4ac > 0,letq >/ b? -4 ac,if=2;ethen
a+ (b+
) (2a+ (b-q) xz) AJ)—Za*(b prge
— dx E111pt1cF ArcTan[
Va+bx?+cx? ,
Va+bx?+cx?
Program code:
Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
(2%a+ (b-q) *x*2) xSqrt[ (2xa+ (b+q) *x"2) / (2xa+ (b-q) *x*2) ]/ (2xaxRt [ (b-q) / (2%a) ,2] *Sqrt [a+b*x*2+cxXx*4]) *
EllipticF [ArcTan[Rt[ (b-q) / (2%a),2] *x],-2xq/ (b-q)] /;
PosQ[ (b-q) /al] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]
1 +4/ b?2-4ac
4, J—dlx whenb?-4ac>0 A Ebaz}o
Va+bx?+cx?
1: j dxwhenb2-4ac>0A@}0
a+ b x2 +cx?
Reference: G&R 3.152.7+
[ |

Rule1.2.2.1.5.1.2.4.1:If b2~ 4ac >0,letq> /b -4ac,if b—;q # O then



Rules for integrands of the form (a+b x"~2+c x"4)"\p

1 \/1+-(—q)—b+2'_:‘xZ \/1+ b_Zaxz
J— dx — ElllptlcF[Ar‘cSln[J ]
Va+bx?+cx? b+q
"’_ZJ; Va+bx?+cx?

Program code:

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
Sqrt[1+ (b+q) *x~2/ (2%a) ] #Sqrt [1+ (b-q) *x”2/ (2*a) 1/ (Rt[- (b+q) / (2%a) ,2] *Sqrt[a+bxx 2+Ccxx 4] ) *
EllipticF [ArcSin[Rt[- (b+q) / (2#a),2]*X], (b-q) / (b+q)] /;
NegQ[ (b+q) /a] && Not[NegQ[ (b-q)/a] & SimplerSqrtQ[- (b-q)/(2+a),-(b+q)/(2+a)1]] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]

1 _A/ b2-
Va+bx?+cx*

Reference: G&R 3.152.7-

Rule 1.2.2.1.5.1.2.4.2:1f b>-4ac > 0,letg > /b2 -4 ac,if bf $ O then

\/1+jb_mi 14 by X

1 2a 2a b+q
— dx ElllptlcF[Ar‘cSln[
Va+bx?+cx? ’
9 Va+bx?+cx?

Program code:

Int[1/Sqrt[a_+b_.xx_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
Sqrt[1+ (b-q) *x*2/ (2%a) ] *Sqrt[1+ (b+q) *x*2/ (2%a) ]/ (Rt[-(b-q) / (2%a) ,2] *Sqrt[a+b*x"2+c*x"4]) %
EllipticF [ArcSin[Rt[- (b-q) / (2%a),2]*X], (b+q) / (b-q)] /;
NegQ[ (b-q) /al] /;
FreeQ[{a,b,c},x] && GtQ[b”2-4xaxc,0]

13



Rules for integrands of the form (a+b x"~2+c x"4)"\p

1
2. J—dlx whenb2—4ac}_0
Va+bx?+cx?
1 C
1: J—dlx whenb2—4ac¢0A ;>0
Va+bx?+cx?*

Reference: G&R 3.165.2

Derivation: Piecewise constant extraction

<1+q2 Xz) (a+bx?+c x*

a (1+q2x2’)2

\/a+b x2+c x4
Rule1.2.2.1.5.2.1:1f b2 ~4ac#@ A £ >0,letg~ (<) then

>1/4

Basis: Let q = (§ ,then oy -9

(1+q?x?) (asbx?rext)
a (1+qzx2)2 1 b
dx — EllipticF[Z ArcTan[qx], — - —]
2

J\ 1
Va+bx?+cx? 2qgVa+bx?+cx?

Program code:

Int[1/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{q=Rt[c/a,4]},

(1+9”2%x”2) *Sqrt [ (a+b*x"2+c*x"4) / (a* (1+9~2xx"2)*2) ]/ (2*q*Sqrt[a+bxx"2+c*x"4]) xE11lipticF [2xArcTan[q*Xx],1/2-bxq"2/ (4xc) ] ] /5
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0] && PosQ[c/a]
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Rules for integrands of the form (a+b x"~2+c x"4)"\p

2: J dx whenb?2-4ac#0 A i;e
a+bx +cx?

Derivation: Piecewise constant extraction

1+2C7X2 \/1+2cx2
Basis:lfqe\/b2—4ac,then@XJ o "o

Va+b x2+c x4

Rule1.2.2.1.5.2.2:1f b>-4ac +0 A < 3+0,letq - b2 -4 ac,then

2cx? 2cx?
1+
\/ b-q b+q
dx —

J\Va+bx2+cx4 YVa+bx?+cx? J\\/

Program code:

Int[1/Sqrt[a_+b_.xx_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},

Sqrt[1+2xc*xx”2/ (b-q) 1 *Sqrt[1+2xcxx*2/ (b+q) ]/Sqrt[a+b*x"2+CcxX 4] »
Int[1/ (Sqrt[1+2xcxx*2/ (b-q) ]*Sqrt[1+2xcxx”2/ (b+q)]),x]] /;
FreeQ[{a,b,c},x] & & NeQ[b"2-4xaxc,0] && NegQ[c/a]

6: j(a+bx2+cx4)pdlx whenb?-4ac#0

Derivation: Piecewise constant extraction

b x2ic x4)P
Basis: If q — m,then 3y (a+bx?+c x*) B

2cx® 2ex2\P 7
(1+ beg ) 1% )

|
Rule1.2.2.16:1f b>-4ac + 0,letq >/ b?>-4ac,then

2cx2

b+q

dx

15



Rules for integrands of the form (a+b x"~2+c x"4)"\p

) o al"tPartlel (a4 b x? + ¢ x*) Fracpartlp] 2cx?\P 2cx?)P
(a+bx +cx) dx — 1+ 1+ dx
1 2 ¢ x? | FracPart[p] 1 2¢x? | FracPart[p] b+ q b - q
( b+q ) ( * b-q )

Program code:

Int[(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
a*IntPart[p] * (a+b*x*2+cxx”4) *FracPart[p]/ ((1+2xcxx"2/ (b+q) ) *FracPart[p] * (1+2xcxx*2/ (b-q) ) *FracPart[p]) *
Int[ (1+2%c*x”2/ (b+q)) *p* (1+2xcxx"2/ (b-q) ) *p,x]] /;
FreeQ[{a,b,c,p},x] && NeQ[b”2-4xaxc,0]

S: ~J‘(a+bx+cx2+dx3+ex“)"dlx whend®*-4cde+8be?=0 A p¢ {1, 2, 3}

Derivation: Integration by substitution

Basis:If d> -4 cde +8be? == 9, then
d bd

(a+bx+cx?+dx®+ex*)? =Subst|(a+ 25294 (c-

3d? 2 4\ P d
Se)x +ex),x, -+ X

Note: The substitution transforms a dense quartic polynomial into a symmetric quartic trinomial.

Rule:if d>-4cde+8be?=0 A p¢ {1, 2, 3},then

d4 bd 3d? P d
J.(a+bx+cx2+dx3+ex4)pdlx—>Subst[j[a+ ——+(c——]x2+ex4] dlx,x,—+x]
256e*> 8e 8e 4e

Program code:

Int[P4_~p_,x_Symbol] :=
With[{a=Coeff[P4,x,0],b=Coeff[P4,x,1],c=Coeff[P4,x,2],d=Coeff[P4,x,3],e=Coeff[P4,x,4]},
Subst[Int[SimplifyIntegrand[ (a+d"4/ (256xe"3)-bxd/ (8xe)+ (C-3%d"2/ (8xe)) xx 2+exx"4)"p,X],X],X,d/ (4«e)+x] /;

EqQ[d"3-4xcxdxe+8xbxe”2,0] && NeQ[d,0]] /;

FreeQ[p,x] && PolyQ[P4,x,4] &% NeQ[p,2] && NeQ[p,3]
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